Taking a two-level system interacting with a two-band environment as an example, we discuss the nonMarkovianity and initial system-environment correlations for the generalized Lindblad master equation by using a recently introduced measure given by Breuer et al. Our results show that the initial states of the environment and initial system-environment correlations have strong effects on the non-Markovianity of the reduced system. Moreover, we also show that information and energy can flow in different directions, i.e., energy flows to the system while information flows from the system, which is quite different from previous results. 
Introduction
The interaction between the quantum system and its environment often leads to an exchange of energy and information, and as a result, such a system is usually referred as an open quantum system [1] . A Lindblad master equation [2] can be used to describe the dynamics of the open quantum systems in the Markovian limitation. In many situations, this Markovian master equation determines an initial-state-independent steady state which is usually a thermal equilibrium state [3] . This feature can be understood as a tendency for Markovian processes to continuously reduce the distinguishability between any * E-mail: huangxiaoli1982@foxmail.com two initial states [4, 5] .
On the other hand, the conditions for the Markovian approximation can be violated in a wide range of systems, which indicates that the dynamics of the system is non-Markovian. Many efforts have been made in recent years, and many analytical methods or numerical techniques have been developed to describe non-Markovian processes. A natural question is: what are the differences between Markovian and non-Markovian processes, and how can we quantitate the non-Markovianity in open quantum systems. This problem has been studied recently and several methods have been proposed from considering different aspects of the system [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . For example, in Ref. [6] , Wolf et al. quantifies the non-Markovianity by virtue of the minimal amount of noise required to make a given quantum channel Markovian. In Ref. [7] , the au-thors show that both the form of the Kraus representation and the fidelity between two different times for one initial state provide a signature of non-Markovian dynamics. In Ref. [8] Lu et al. quantitate the non-Markovianity in terms of quantum Fisher information. In Refs. [9] and [10] , measures are constructed based on the idea of composition law, which is equivalent to divisibility. Based on the trace distance, Breuer and his collaborators have proposed a scheme through the quantification of the flow of information between the open system and its environment [4, 5] . According to this viewpoint, the nonMarkovian dynamics is defined as a process in which there exists a reversed flow of information from the environment back to the open system. Based on this definition, the non-Markovianity of the phenomenological memorykernel master equation and the post-Markovian master equation [11, 17] , as well as the damped J-C model with detuning, have been studied [12] . It has been shown that [11] the dynamics of the phenomenological memory-kernel master equation and the post-Markovian master equation are Markovoian, i.e., there is no reversed flow of information from the environment back to the open quantum system if the equations retain their physically validity. However both of these equations are integrated over the systems past. Another advantage of this definition is that the non-Markovianity and initial system-environment correlation [18, 19] can be connected according to the trace distance. In this paper, taking a two-level system coupled to a two-band environment as an example, we study the nonMarkovianity and initial system-environment correlations for the generalized Lindblad master equation [20, 21] according to the measure proposed by Breuer et al. Our results show that this type of master equation can be nonMarkovian, mainly as a result of the memory of the initial states of the environment and the effects of initial classical system-environment correlations.
A brief introduction of the measure
Initially, we briefly review the measure for nonMarkovianity given in Refs. [4, 5] . This definition is based on the fact that the non-Markovian dynamics can increase the distinguishability between two states and this is interpreted as the flow of information from the environment back to the quantum system. To measure the difference between two quantum states, the trace distance is used, which is defined as
where |A| = √ A † A. A remarkable feature of this measure is that for all completely positive and trace preserving maps, the trace distance never increases. For a pair of initial states ρ S (0), the rate of change of the trace distance under the evolution can be defined by
We can give a definition for Markovian dynamics that σ ≤ 0 for all times and for all pairs of initial states. If there exist a pair of initial states and a period of time in which σ > 0, the dynamics is then said to be non-Markovian.
Thus σ > 0 is a sufficient condition for a process to be considered non-Markovian. It should be noted that although σ > 0 in a period of time for a non-Markovian process, usually, the trace distance cannot exceed its initial value. If this statement is violated, we can deduce that there exist initial system-environment correlations or that the initial states of the environment are different [18] . The non-Markovianity can be defined as the increase of the distinguishability during the whole time evolution maximized over all pairs of initial states
Model and discussions
We now consider a two-level system coupled to a twoband environment. The environment consists of a large number of energy levels arranged in two energy bands of width δε. The lower energy band contains N 1 levels (each level is denoted by | 1 ) while the upper band has N 2 levels (each level is denoted by | 2 ). The Hamiltonian of the model is taken to be
where ω is the transition frequency of the two-level system and λ is the overall strength parameter of the interaction. The coupling constants ( 1 2 ) are independent and identically distributed complex Gaussian random variables. This model has recently been studied by several authors [21, 24, 25] because it can exhibit strong non-Markovian features, we refer the reader to [22, 23] for details. In this paper, we can see how the non-Markovian environment affect the dynamics of the system. Based on the correlated projection superoperator technique, where the initial state of the total composite system is assumed to be a separable state defined as
, the reduced dynamics in the interaction picture for the two-level system can be written as [21] 
where γ = 2πλ 2 N δε are relaxation rates which depend on the system-environment interaction strength and the structure of environment energy levels, ρ ( )
2 |) the projection onto the lower (upper) environmental energy band [20, 21] and ρ SE the total state of the composite system which contains the system and environment. This master equation gives a good approximation for the actual evolution of the open system and it can be arranged in the generalized Lindblad form by taking H = 0, R 11 = R 22 = 0,
The reduced density matrix for the system can be obtained as ρ S = ρ (1) S + ρ (2) S . In the following we will discuss the non-Markovianity for the system governed by Eq. (4). We begin our discussion with two simple cases. First, we assume that initially only the lower band of the environment is populated, which means that ρ (2) S (0) = 0. Under this assumption, the dynamics of the system can be easily obtained as
where ρ = |ρ S (0)| with = for excited state and = for ground state. The two time-dependent functions are defined as
With these results, we can derive an analytical formula of the trace distance for any two initial states as
where = ρ − ρ denotes the difference of the populations and = ρ − ρ presents the difference of the coherences for the two initial states ρ S (0) and ρ S (0). Some properties can be observed from Eqs. (6) and (7). First, because 1 ( ) and 1 ( ) decrease with time, we know that D(ρ S ( ) ρ S ( )) also decreases with time. This means σ ( ρ S (0)) < 0 at all times. According to the definition for non-Markovianity, the dynamics in this case is Markovian. Second, taking the limit as → ∞, we find
1 +γ 2 = 0, i.e., the trace distance for the two steady states depends on their initial states themselves. This means that for this model, although the distinguishability between any two states reduces and the information flows from the quantum system to its environment, the steady state of the two-level system depends on its initial state. For different initial states, the steady states are also different. This steady state is usually called the initial-state-dependent steady state. Next we consider another simple case. We assume that initially only the higher band of the environment is populated. This assumption means ρ (1) S (0) = 0. Following a similar procedure, Eq. (4) can be easily solved in this case as
where the two time-dependent functions are similar to Eq. (6) with γ 1 and γ 2 exchanged, i.e.,
Based on these results, as above, we can give an exact form for the trace distance as
It is not difficult to demonstrate that D(ρ S ( ) ρ S ( )) decreases with time, i.e. σ < 0 for all times. Thus information flows from the system to the environment and the dynamics is Markovian. In the limit → ∞, we find
2 ,and we can reach a conclusion similiar to the first case, that the steady state of the system depends on its initial state. Moreover, we study the average value of the Hamiltonian (i.e. the energy of the system) for the two-level system over its whole evolution. For an arbitrary initial state ρ S (0), we have (except for ρ = 0), which means that the energy flows from the environment to the two-level system. This is quite different from the time-local master equation discussed in Refs. [4, 5] . For these time-local master equations, the decay coefficient γ( ) > 0 in the Markovian regime and the energy dissipates to the environment. In the nonMarkovian regime, the reversed flow of information occurs when γ( ) < 0, and the energy of the two-level system increases. Thus the flow directions of the information and energy are usually the same for the time-local master equation. For the generalized Lindblad master equation in this model, we can see that these two flows can have different directions. This is another feature of this type of master equation. Next, we consider a more general situation, i.e., both bands of the environment are occupied and moreover the system and environment can be correlated initially so that neither of the two components ρ (1) S and ρ (2) S is zero. In this situation, Eq. (4) can be solved analytically by the effective Hamiltonian approach [26] . For a general initial state {ρ (1) S (0) ρ (2) S (0)}, the time evolution reads
with
and ρ ( ) = |ρ ( ) S (0)| . and are same to the above discussion. Based on this solution, we find that the evolution is relevant to the initial populations of the two components ρ (1) S and ρ (2) S . For two initial states ρ S and ρ S with different components, the trace distance can be written as of the effect of different environments, which is quite different from other master equations. Moreover, we can also see that if the two parameters are chosen appropriately, the trace distance exhibits a non-monotonic behavior (see Fig. 1 ), which means that information originally lying outside the open system flows back to the system, then some of the information flows out to environment because of the effects of different initial environment states. Case 2. We choose ρ SE = |α| 2 |0 0| ⊗ 1 
, a product state. For these two states in the composite space, we have ρ S = ρ S and ρ E = ρ E , i.e., ρ SE is the marginal of ρ SE . In this case, the time evolution of the trace distance is
i.e., the trace distance can be larger than its initial value, which is caused by initial correlations when the two bands of the environment are not symmetrical. This is coincident with the results obtained in Ref. [18] .
, which means the initial classical correlation does not affect the dynamics of the reduced system when the two bands of the environment are symmetrical.
From the above discussion, we can see that the rate of change of the trace distance σ ( ρ S (0)) is larger than zero in many cases, the dynamics is said to be nonMarkovian in these cases. The non-Markovian effects arise from the memory of the initial environment states and the initial system-environment classical correlation. Next we consider the non-Markovianity for Eq. (4) and how depends on the two parameters γ 1 and γ 2 and the structure of the environment. All pairs of initial states of the system should be considered according to the measure for the non-Markovianity defined in Refs. [4, 5] . However, in this section, we not only consider all pairs of initial states of the system, but also take the two components of the system's reduced density matrices into account. The numerical result is shown in Fig. 2 . Here maximization over the pair of initial states ρ S (0) in the definition is performed by maximization over the pair of initial states
}, where we have taken a random sampling ρ ( ) over 10 6 runs. From the random simulations, we believe the maximum is attained for the initial states,
It is clear from Fig. 2 , that as a function of γ 1 /γ 2 has a nonmonotonic feature. When γ 1 /γ 2 = 1 i.e., the two bands of the environment are symmetrical, the non-Markovianity reaches the minimum and when the two bands of environment are not symmetrical, the non-Markovianity is larger. This result can be understood as follows: per our discussion given above, when the two bands of the environment are symmetrical, the initial classical system-environment correlations have no effect on the dynamics of the twolevel system. The non-Markovianity comes from the memory of the initial environment state. However, when the two bands are not symmetrical, the non-Markovianity increases since both the initial classical system-environment correlation and different initial environments affect the dynamics of the system. This result can be used to probe the symmetry of a two-band environment.
Conclusions
In summary, we have studied the non-Markovianity and initial system-environment correlations for a two-level system coupled to a two-band environment. The dynamics of the two-level system is described by a generalized Lindblad master equation which is derived by the correlated projection superoperator technique. The non-Markovianity is measured by the definition given by Breuer et al. Our results show that the dynamics is non-Markovian for an arbitrary environment or when the system-environment is correlated initially. When the initial reduced state of the environment is fixed and there is no initial system-environment correlation, the dynamics is Markovian. This implies that this type of master equation exhibits a memory effect, which includes the initial states of the environment, and that the system-environment correlations can have a striking affect on the dynamics of the reduced system. The non-Markovianity of the dynamics depends on the two dissipative coefficients, which reflect the properties of the environment in the equation. When the two coefficients are equal, i.e., when the two bands are symmetrical, the non-Markovianity is weakest. We also find that, in contrast to previous studies, the energy can flow to the system while the information flows from the system.
